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1. @B RFHARLALHF PR NRAKEZEDEARLNSE) 102-3

1. 102 €5 KR FHANLALHT PR

1. (15%) Let C be the unit circle z = et (—m<0<m).

T

e
(a) (7%) For any real constant r , determine | — dz.

C
(b) (8%) Apply z = cosf + i sin @ and the result of (a), determine
/ "% cos(rsin 0) do
0

(AR A, RA34 1025 KEER)

(A3) e .
(a) T f(2) = 67 VL f(2) 72 C WEE 2 =0 B9—F pole , HI

Resf(0) = e"* =1
z=0

5

eTZ

— dz =2miResf(0) =271
c %

(b) C: z=¢€" #dz=ePido,

i0
er? ™ ere L
—dz = / = e i dp
C z - e

™
_ / el cos 9617“ sin 6 idb

= / e" %4 cos(r sin §) 4 i sin(r sin 0) }i df

—T
™

= 2/ e" 5% cos(r sin6) i d
0

= 271

14
/ e" %% cos(r sinf) idf =
0
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A5 L AL FF APy

L. §BREHL

Heft golw(t)) = W(s) , BEAE ]
a AW (s)

— —W(s) =0
—2n)sW(s) dSW(
_Qsm%s)—sz_zg__+(1

Al %ﬁ+(1+2n)82+1w(s)20
1 dW(s) _ —(1+2n)——ds

W(s)

RRTY) =] n 82 +c
W miE 3 Al 15 ln“WXS)‘:__%(1%—2n)ll 1+
o W) = =
(c) .
W@)Z'@ﬁjﬁ?
1 1 )—(%4'”)}
= Aotz
- C{SH—% mZ:O m X ’
00 _(l + n) —

TR i

L4 » )
wlt) = 27{W§1f%%+m )
Ire. Z gl+2n+2m
= 2 — \ m
= 2m+2n
|/ % +n) t
= c >
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2. @EREF oK E LALHF P NRAKEZDEARL2SE)  102-19

ES)la¢

—up + up cosnT) -
e

> 2
u(z, y) = (u1 —uo)y +uo + ( sin nmy

n=1 nm

7. EHEEIHE f(t) EEEPRNERR
f)y=1+t; —1<t<l1

(1) BASEAREL f(t) BIEIEREL (Fourier series) o (8%)
(2) FIRA f(t) BESLEERECR H TR EZ R

11+1 1+
3 5 7

(3) 1Ra% F AUERH f(t) ZFEIERBERTPERM (—co, 0o) HIBREL
AR F) + F(=5)—3F(0) =7 (3%) (AR, #8354 102 5 KERK)

(B3) 1=
(1)
t= > bysin(nnt)
n=1
Hr 1 1
. _1\n+
by, = 2/ tsin(nmt) dt = _QCOme _ (=1)"2
0 nm nm
¢ —
Oy =1+t=1+>, (D™ 2 sin)(nt) (1)
n=1 nm
(2) 4 £ = 5 E (1) Rob
_ %k (=12 | nr
1+——1+n§::1 i~
Bl
1-— 1 + =4 | T
3 | 4
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(3)

F(1)+ F(=5) —3F(0)=1+143x 1+ —1
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AR © B © 285Ul | FIRIRE S Z;%i'iﬂéﬁ%% (ANt ) o XRR © By BALER
& 7 BENAA K s WEMEAE T =k, B

b2

VR
(VxF) =g 5 g | R D
—Y Ty —XTYz

U Stokes’s EH A&

//E(VXF)-dZ = //(VXF ndA = ]{F a7
_ //VF A = // ()1 1)dA

= G+ 1D)A=—(0+1)x7x3*=-9r

5. (30%) Solve the following partial differential equation :
Upy T Uy =0, 0<z <7, 0<y<1

(x,0)=sinzcosz ,0<z<m,u(z,1)=1,0<z<m7,

0,y)=y,0<y<l,u(m,y)=y,0<y<1

a at is the type of the second-order partial differential equation given above?
What is the t f th d-ord tial diff tial ti i bove?

u

u

(Hyperbolic, parabolic, or elliptic) (2%)

(b) What is the physical nature of the partial differential equation given above 7
(wave propagation, equilibrium or heat/diffusion) (2%)

(c) What is the type of boundary condition given above ? (Dirichlet, Neumann,
or Robin) (20%)

(d) Is the partial differential equation (PDE) given above a linear PDE 7 (2%)

(e) Is the partial differential equation (PDE) given above homogeneous 7 (2%)

(f) Obtain the explicit solution of the problem given above. (15%)

(g) What is the maximum value of u(z, y) 7 (5%)

(A A, "AR34 102 BRI

(#B3) e
(a) b? —dac < 0, HES elliptic type o
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7. @M KT LAEHF P

NRAKIZDEBIRNE)

102-53

e, With

(1) HH X ZHEE A, (10%)
Q HMESHEH»=0;y=0;2=0 ZFHEFARIEE . (10%)
(A A, A4 102EFIREEE)

5. —E S HEEAERA Y c=4—4/a2+ 2 Ha2e>0;y>0:4>2>0FF

(%) 1=

(1) SHBEH oy PHMERB R : 22+’ =1H2>0.y>0, %

AR R
4

dA =
At

6=’

+y2—(1—i)2:0

drdy = V17 dxdy

1
// V1Tdxdy = V17 X 1 X
R
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B2 IR o« KK

- o
> () (n+r—Dana™ = 3 (n = 14 r)ap 2"
n=0 =
>, o0
- Z 2(n+ T)anxn+r—1 + Z 2,121 =0
n=0 ne1
535 G HEKHE

{r(r—1) —2r}oz" 1 + i {(n+r)n+r—3)a,— (n+7—3)a,_1 2" 1 =0

n=1

LB REA S

r(r—3)ag =0 (1)
(n+r)n+r—3a,—(n+r—3)ap_1=0 ; (n=1,2,3--) (2)

(1) FH ap # 0, WAIEIRETEXR
r(r—3)=0 (3)

#E (3) RABIEIEIRE 1 = 0. =3, Hry-rn=3cZ &%) Hr-r=0f
[ (2) RATE

n(n—3)a, —(n—3)ap—1=0 ; (n=1,2,3--+)

Mn=18 a =ay,n=2HK

1 1
a2 = —a1 = —<ap
n=3HEWLE A B
an:an—l 7(71:47576) (4)
n
H (4) AHE
as
n a4 1
B | as | 3lag
n=95 = asF g F 7
as | 3las

n=6 = ag=F— =F——
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10. 102 K& K FHAR LALFHZET (P)

1. (8%) Let

2 3 74 s 20 0 796 7297 798 799

X
— ]l O e A W
/(@) Ty T Ty e T T T ot T 9m o8t oo

Find the closest value of maximum f(x) for x € R and —3 < = < 3.

(a) 0 (b)1 ()2 (d)e (e)m/2  (ABA, *fi83a 102X KEEEE)

(%) = ®
f(x) — 1_x_$_2+$_3+$_4_$_5_ZIZ_6+ZL’_7+”.+$_96_I_97_$_98+$_99
2! 3! 4! 5! 6! 7! 96! 97! 98! 99!
= (1_x_2+x_4_|_..._x_98) (x_‘r_3+x_5+..._x_99)
2! 4! 98! 3! 5! 99!

A cosx —sinz

= V2(cos % cos x — sin x sin %)

= V2cos(z + %)

¥ o= -7 B BHEAMR /(D) ~ V2, H0E (o

2. (8%) (V2i —1)%18 =7
(a)0 (M1 (¢)i (d)7 (e)2013—2013i
(oA AL, *AA834 102X KB )

(@) " (14+0)2=14+2i—1=2i,1K

(V27 — 1)2018 — (1 44 — 1)2018 2012 of; —;
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7. Please solve the following differential equations :

dy 1 .
(a) @ = m s SUb‘]eCt to y(—2) =0 (7%)

(b) ¥ =22(y)* (7%)

(c¢) Given that y; = 23 is a solution of z%y” — 6y = 0. Use reduction of order to

find a second solution on the interval 0 < z < oo. (9%)

(eRA8 AL, “AAB34 1027 R )

(B8) e
(a) B
BARTFR = &
Iz = /yze_y dy = G_y(—?JQ —2y—2)+c

EN]lxe
r=—y?—2y—2+ceY

HHy(-2) =0, 1 c=0 |i&

r=—y>—2—2

(b) 4 p =1y, fXE ODE HA[%5
d
P =2zp® = —g = 2xdx
p

Ui te 7 A

4

F = e, BEAE
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11, i REWLAEFALRT (T) DRAKIZDEARASE 102-81

4_.3\
-2 1 1 7
Vb V6 V30
1 2 2
ST VB Vm
1 5
Y T VL
S B A
-3 0 0
DslAS[o 10]
0 7

4. Solve the problem using Laplace transform. (15%)
Y+ 4y Hay=1+6(t—1), y(0)=0, y'(0) =2

(eRA8 AL, “AA34 102 RIEM L)

(%) = % ODE WEL L T 7[5
s2Y (5) — sy(0) — ¢/ (0) + 4{sY (s) — y(0)} 4+ 4Y (s) = é +e®
Hf o{y(t)) =Y (s) , BHEAE
(s> +4s+4)Y(s) =2+ é +e*

3l

2541 1 1 3 1 1
(s+2)*  (s+2)

—S

Vi) = -

=—+ - +
2 T 4s T 2(5+22 4(s+2)  (s+22"

[

y(t) =2 Y (s)} = i + gte—% - ie_% +(t—1)e2VH(E-1)
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4
y(t) = 2 HY (s)} = e +2e7" + {207 — em T (1 — 1)

3. (20%) If the distance between the plane Ax —2y+ z = d and the plane containing
lines
r—1 y—2 2z-3
2 3 4
and
r—2 y—3 =z-4
3. 45
is V6, then find A and d. (RRRA, “AA34 10233 KB

(B3) v Az — 2y + 2 = d NERES
T=(A, -2, 1)
FHH—THEEAE R
To=(2,3,4)x(3,4,5)=(-1,2, —1)

Wy || 7o, BH
(A, =2,1)=k(-1,2, -1)
Al A=1, XEHEH—8 P11, 2, 3) BIFHEIERS

|1—2><2+3—d
\/12+(_2)2+12

=6

E&Tﬂ?% d =46,

4. 20%) It A=xi +yj + (—2z+ 522)/{ , evaluate /(A -m)dS, where S is the
S
surface of the sphere 2> + y2 + 22 = a® above the xy plane, 7 is the unit outward

normal vector of the surface of the sphere. ("R A, *H&s4 102 RRBEIEAN)

2
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(%) 1=

(1,-1,3) (1,-1,3)

I= / 322dx + 2yzdy + y3dz = / d(z3 +y22) = (23 + y22) =2
C (0,1,2) (0,1,2)

3. (17%) Find the Fourier transform of f(z) =1 if |x| = 2 and f(z) = 0 otherwise.
(-RAA, *AA834 1027 KB T )

() 1 EE R
f(:r)Z{l =2

0 ; otherwise

i
F{f()) = / f(@)e ™ da

2
= / (coswzx — isinwx) dx

)
2 sin wx |2
= 2 coswz dr = 2
0 w10
2 sin 2w
w

4. A damped mass-spring system is actuated by an external force. The model of

system is described by differential equation :

y" 4 5y 4 6y = 12u(t — 1) — 6u(t —3), y(0) =0, y'(0) =0

(1) (7%) Determine the response of the system.
(2) (7%) State the steady-state of the response on ¢t > 3
(AR AL, "RAg34 102 KM T)

(%) 1=
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4. KBRFLRIEFALH (P) NRAKEZDEARL2E)  102-99

(M3) e AT

{zD? +|(z* —3)D — 22}y = 0

BIleSE= vy 259
(xD = 3)(D+x)y =0

& 2= (D + )y, WAHE

(D —3)2=0 = 22/ -32=0

5
e _ §dx =0
z
Mt Al S
In|z| —3In|z| =]
Al 2 = 2% | 8

(D+ )y =2=cpa’

2

Bl BMORTH I =c/*@ =7 g

2

IQ T
Iy:/clx erx:cleT($2—2)+CQ

il
y(x) = c1(2® — 2) + 626%2
2 2 1
3. A=11 3 1
1 2 2
(a) Find A~! using the method of Gauss-Jordan elimination. (8%)
(b) Find the eigenvalues of A™1. (8%)

)
)
(¢) Find the eigenvalues of A°. (7%)
(d) If D = P7YAP is a diagonal matrix, find the matrix P. (7%)
(AR A, A4 102 KL ARH)

(%) 1=
22 1/1 00 P 1 22001
13
(a |131/010|——>]131/010
1 22001 22 1/1 00
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WAL P ) 2P T B /K 7P T ) 28 A

— 24
cosl =71 -k =—— = f=cos {—rn
649 {\/649

1 o>
3k Y divergence & curl o (10%)

3. MEtEM=E ‘7 = 2227 + x2y7 + -z
(-RARA, A4 102X KL ART)

w

(B3) e
V-V =22 422
ik
N g a9 0 R N
VxXV=|5%9: a9y o = (=2 +2x2) 5 +2zyk
1
x2? 2%y 5333

4. (15%) Which one(s) of the following two ODEs are linear, which one(s) are non-

linear 7
(a) (22 + )y +e"y=0

(b) (y//)Q +-Ty/ -0
(c¢) Let y; and yo be two solutions for (a), is c1y1 + coy2, where ¢; and co are

constants, also a solution of the differential equation (a) ? Explain why ?

(eRA8 AL, “AR34 102 KRLART)

(B3) 1= (a) BRI ODE | (b) BIEMME ODE | % y1 « yo 5 (a) ODE [, HI
{ (22° + 2)y| +e“y1 =0
(2% + )y + "y = 0

[
(22% + 2){c1y1 + coy2} + e {c1y1 + caya} =0

BN
cl{(23:3 +x)yy + Ty} + 02{(23:3 + 2)yh + e"ya} =0
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16. KBRFLRIEHFLH (T) NRAKEZDEARLAE) 102-115

i o
_(_ 1y * 0 _
as, = (—1) @n) azp+1 =0
EN]isg
0
yi(z) = 3 apa™
n=0 r=ri=—1

= 2n—1 = 2
= Z a4 Z a2pn4+12 "

n=0 n=0
X (=1)"4" 5
= Q Xz
n;() (2n)!
1 & (=1)" OS2%
= qor e = g
T pl=0 (271) Z

(c) # ODE WJEEE

Lsin 2z L[os 2x
+ Co

=c
DY T

y(r) = c1y1(x) + caya(z)

8. (10%) Solve the given initial value problem :

6sint ;if0<t<m

1/
+9y =
Y Y {O cift >

(-RBA, *AAI4 102X KRLART)

(B) 1= & | |
f(t):{Gsmt 31f0§t§7r _ Gsint {H() — H(i — )}
0 ift>m
14
1 - . 6 6 _
2{ft)} =6 e ™ p{6sin(t+m)} = + Ts

T U241 o241 52+16
% ODE WiliE L-T 7]
6 6

+ e
241 s2+4+1

s2Y(s) —sy(0) —'(0) + 9Y (s) = s
Her o{y(t)} =Y (s) , BEAG
6 6
(s2+1)(s2+9) + (s2+1)(s2+ 9)6
3 3 3 3
A4(s2+1) 4(s2+9) * {4(32 +1)  4(s2+ 9)}

—TS

Y(s) =

6—71'8



Administrator
矩形

Administrator
矩形

Administrator
矩形


17. PR K BRI AL TF AP ARAKIEZDEABRLAS)  102-

(b) H
u(z,0)=x= > Apsin(nrz)
n=1
1
! —2cosnjr
A, = 2/ x sin(nrz) de = —
0 nm
Hl
> | —2 cosnm
t) =  si
u(x, t) n;1 — sin(nmx)

(c) T ulw, t) = ¢z, t) +e 'z, fEl PDE F1A[E

06 4 _ 0%
ot c x_axQ

L5
uw(0,t)=¢(0,t) =0
u(l,t)=o(1,t) +ef=et = &(1,1) =0
uwz,0)=¢(x,0)+x=2 = ¢(x,0)=0
K o0, t) = ¢(1, t) =0,

o0
= > ay(t)sin(nmz)
n—=

—_

oo
Z SlIl TL?T[L’

n=1
H
1
In = 2/ x sin(nrz) dr = ORI
0 nw
fK[El PDE HA[#&
Z )sin(nrz) —e”! Z qn sin(nmx) = i n?n?) sin(nmz)
n=1 n=1 n=1
Rl .
S {dl(t) + (nm)* — e gy} sin(nmz) = 0
n=1
14

ap(t) + (nm)?an(t) = e 'qn
Glj 4! an(t) _ Ane—(mr)zt + an ot 7 Hi

dlx, t) =Y. {Ane_(m)2t + q;_ 1e_t} sin(nmz)

123
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19. YPELK R I A2 FF AP SRAKEZLEAMRAS 102-133

3. (20%) Consider a vibrating elastic bar in figure 2. The boundary at x = 0 and
x = L are called free-end conditions. Solve the wave equation.
Pu  0*u
2 _
@W—W, O<az<L,t>0
Ju ou Ju
Oz [2=0 0z la=L yulz, 0) ==, ot ‘t—O
(AR A, "RAg34 102 - ELELTH)
ou ou . . NTX § 00 A
(B3) 1= 50, 1) =01 o—(L, 1) =0, R B {1, cos——}, . ElRS
oo
u(x, t) =ap(t) + > an(t)cos o
n=1 L
fR[El PDE fra] %5
[¢9) o
9 nemw nmx /) / nmx
o n;lan(t)( 73 )COST = O(t)+n§1an(t) COS ——
il
s ant nmw
ag(t) + Y- {an(t) + (T)Zan t)} cos —— =0
n=1
Hp
ag(t) =0 ao(t) = Ag + Bot
= t t
ap(t) + (OC—ZW)2 n(t) =0 an(t) = Aplcos AT | Bsin 28
[ i
t t
u(z, t) = Ap + Bot + D[ {Ay cos anm + B, sin anm } ¢os ne (1)
e} L L
E‘ oo
u(z,0)=x=A4+ ) Ancos@
n=1 L
[

L
1 L
Ay = — do = =
o= | wdz=3

2 /L nwx 2L(—1 + cosnm)
0

T cos — dr =
L n2m?
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H

ou x anT nwT
— 0)=0= B, B, — —
ot @ 0) 0+n; "L PTL

W By=0.B,=0,% Ay . A, . By . B, fNE (1) X, AIE# .

4. (20%) Solve the system of differential equations

Co Py
dt2  dt?

d2 2

@z _dy _ .
dt?2  dt?

2(0) =0, 2'(0) =0, y(0)=0,y'(0) =0

(AR A, "RA54 102 HH HLELH)

(%) 1=
Co Ay
dt? dt?
>z dy
Ly
dt2  di?
R ZEDD, AT
2d2—x =2 4+ 4¢
2
FATE 93 2 R A] 15 .
t t
:L’(t) = §+ﬁ+61t+62
[E] B W =M, AT ,
Ay
2— =t° — 4t
dt?
FATE 93 2 R A] 15 .
t
)= ——+ — +dit+d
y(t) 3 + 21 + dit + da

B 2(0)=0=co, 2/(0)=0=c; ,y(0)=0=ds 3/(0) =0=1dy , &

B

£) = — 4+ —
) =3 +5;
B

y(t) = —5 + o
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20. 102 WHE R FHE LI

1. Use the idea of matrix to solve the following system of linear equations. (15%)
14+ 20+ x3+ x4 +25 =0
—x1+ 23+ 24+ 2205 =0
r9 + 3x3 +4x5 =0
—3x1 + 29 +4r5 =0

(RA AL, *AA83a 102 ELKS )

1 21 1 1 102 1 1 1 1 2 1 1
2D p(=3) A
1 01 1 2 12 114 2 2 2 3 22 |0 1 3 0
(%) = > —
1 3 0 4 1 3 0 4 0 2 2 2
31 0 0 4 0 7 3 3 7 0 7 3 3
1 2 11 7 1 2 1 1 1
(=2) p(=7) (=9/2)
Rys™ Ry, 01 3 0 4 Ry 01 3 0 4
> e
00 -4 2 -5 0 0 —4 -5
0 0 —18 3 —21 00 0 —6 3/2
%x5:8c,ﬁﬂx4:2c\x3:—90\x2:—5c\331:90,0%13%

N JENGUIT SO

2. The circuit has the output voltage ¢(t)/C as the following equation. The current
and charge on the capacitor are zero at time zero ( ¢(0) = ¢/(0) = 0 ). Please

determine the output voltage response to transient modeled by (¢). (15%)
q" + 204 + 25q = §(t)

(RA AL, *AA83a 102 ELKS )

(®%) 1= ¥ ODE MR L T |, "5

s°Q(s) — 59(0) — ¢'(0) +20{sQ(s) — q(0)} + 25Q(s) =



20. YPHELK B E LALEF PR NRAKEZDEARLASE) 102-139

Hit 2{a(0)} = Q(s) , BHARF
(5% +20s +25)Q(s) = 1

Al
1 1

Q) = 2205125~ 5310275

[

q(t) = 2 HQ(s)} = _10'5\/%511111(\/7)

3. The point A(1, =2, 1), B(0,1,6), and C(=3,4, —2) from the vertices of a
triangle. Please calculate the cosine of the angle between AB and BC'. (15%)
(R AL, *Rdg3a 102 FELREE)

(#3) 1= AB = (—1,3,5). BC = (-3,3, -8) , &

AB BC 3+9-40 28
IAB| |BC| V3582 /2870

4. Please find the mass and center of mass of the wire. The wire is bent into the

shape of the quarter circle C' given by

xr=2cost ,|y=2sint| z=3, for 0 <t <

f
2
The density function is 0(z, y, z) = zy? grams/cm?®. (15%)
(A, "Rigia 102 EFEE)

(B & C LERER

—

+yj = 2costi +251ntj

—
T

4 o
2

ds = |——|dt = 2dt
s=|—|
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20. YPHELK B E LALEF PR NRAKEZDEARLASE) 102-139

Hit 2{a(0)} = Q(s) , BHARF
(5% +20s +25)Q(s) = 1

Al
1 1

Q) = 2205125~ 5310275

[

q(t) = 2 HQ(s)} = _10'5\/%511111(\/7)

3. The point A(1, =2, 1), B(0,1,6), and C(=3,4, —2) from the vertices of a
triangle. Please calculate the cosine of the angle between AB and BC. (15%)
(R AL, *Rdg3a 102 FELREE)

(#3) 1= AB = (—1,3,5). BC = (-3,3, -8) , &

AB BC 3+9-40 28
IAB| |BC| V3582 /2870

4. Please find the mass and center of mass of the wire. The wire is bent into the

shape of the quarter circle C' given by

. T
x=2cost, y=sint, 2=3, for0 <t 5

The density function is d(z, y, z) = zy? grams/cm?®. (15%)
(A, "Rigia 102 EFEE)

(B & C LERER

—

+yj = 2costi +231ntj

—
T

4 o
2

ds = |——|dt = 2dt
s=|—|
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HI CRYEER

s

16 2 16
m:/é(a:,y,z)ds:/nyds:/ (2cost)(2sint)? 2dt = —sin®t| = —
C C 0 3 o 3

M, = /xé(x,y,z)ds:/xzdes
C C

: 3 3
= /(ZCost)Q(Qsint)Q2dt:16B(§,5)
0

SIE]

3 3 1 1
)G éﬁ 5\/7_T
= 16 03) =16 5 =2

s
= ™

2 32
My:/yé(x,y,z)ds:/xy?’ds:/ (200st)(28int)32dt=zsin4t =38
C C 0
HHELE (7,7,7), Al

= — Y= —= = _:3
8 7y m 72

_ M, 3 M, 3
T = — —
m 2

5. This is non-autonomous, where f and g have explicit t— dependencies, Please

solve the system. (15%)
p 1
r=ft,z,y), Yy =—yte=g{ z.y)

(=RAe AL, *AAg3a 102 ERFE)

(8) = i

MRy, Al

Injz|=nft|+cf = x=cit

A
/ 1 1
Yy z—;erx:—;erclt

, 1
Yy +;y=01t



20. BN LA P RRAKLEOEBRAS  102-141
BOVET 1 = oxp( [ 7t} = expllnle} 1, B

t3
Iy = /t(clt)dt: Clg )

0 t2+ 1
=c - te-
Yy 13 2t

6. Imaging a particle moving along a path having position vector
Z_*—’)(t) —sinti 425 + 2%

Please write the velocity, acceleration, and speed of the particle. (15%)

(=RAe AL, *AAg3a 102 ERFE)

(#%) 1= velocity 5

V =— =costi +2e'j +2tk
dt
acceleration N
L dF - O
a :W:—sinti +2ety 42k
speed B

|V\ = \/0052 t + de2t 4 4¢2

7. Solve the following differential equation. y” + 4y’ + 3y = e, y(0) = 0, ¥/ (0) = 2.
(10%) (A8 AL, *AAg3a 102 EAEE)
(%) e

(1) BRIE . 4 y =™ B ODE HA[ %

m>+4m+3=0 = m=—1, -3
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up(t) = e~ (¢q cos wt + ¢o sinwt)

(¢) ¢ —4mk = 0 BEFRBASE (critical damping)

FEOEANVRBER , &

c

)\1 = )\2 = —Q = —%
Hl

uh(t) = 6_at(61 + Czt)

(2) i

(1) ! inwt ! sin wt
= sinwt =
i mD? +cD + k m(—w?) + cD + k

cD — (k — mw?)

— sin wt

{cD + (k — mw?)}H{cD — (k — mw?)}

D —(k—mu?) it
2DY — (k|- mw?)?
1

- 07 — (k= mu?)? Tew coswt — (k — mw?) sinwt}

2. (20%) Please find the principle stresses (Eigenvalue) and their orientation (Eigen-
vectors) given o, = 60 , o, = 100 , 7, = 20.

(A A, "AAg3a 102H B+ KA

(B3) = 4
A Or  Tay| 60 20
|7y oy ] 20 100
det(A — AI) = A% — 160\ + 5600 = 0
A BB EIER )\ =804+ 20v2 , I A =80+ 20v2 RR[El (A — AI)X =0 H7]%5

—20 — 20V/2 20 z1] [0
l 20 20—20\/5] L:Q] B lo}

F
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HENFRAER 1

Xi=a [1+\/§] (c1 #0)
X\ =80 —20v2 fRIEl (A — A)X =0 A&

—20 + 20V/2 20 z] [0
{ 20 20+20\/§] L;g] B [0]
BRI ER 1

XQZCQll_ﬂ] (627&0)
HWEFERS 80 +20V2 I | FHEIE Xy, FIES 80— 20V2 |, FHIE X,

3. (20%) Find Fourier transform of f(x)

f(x):{A | <ty

0 ;lz|>t

(eRA8 AL, “AAg34 102 B - K)

(3) 1=

F{f ()} = / F(@)e ™ do
t1

= / A(coswx — isinwz) dx
—t

t1 . t
sin wax |t
= 2 Acoswzdr =2A
0 w10
2A sinwty
a w

4. Please solve the governing equation of Terzaghi consolidation theory

#u_on
Y022 Ot

Initial condition u(z, 0) = p , Boundary condition u(0, t) = 0|, u(2H , t) = 0.
(AR A, "AA834 102 H B LK)



Administrator
矩形


102-158 PChome & /&% /| BA)EH http://www.superyu.idv.tw

(B) = A u(0,t) =u(2H , t) =0, 5

w(z, t) = ni an(t) bm%
fRE PDE HH]#5
5 a0 T = e, S5 0,0~ s 2
B
3 {an (1) + ol 7 2on) sin G =0
%
an (1) 4 eolf7 ) Pan(t) = 0

HIEE a,(t) = A b Gt %

M)Qt nmtz

o0
u(z, 1) = 3 Apd oGt i 272
n=1

2H
X
u(z, 0) :nglflnsin%

E 2H

= gy [ pon 2 4z = 200
A

< 2p(1 — -
u(z, ) =Y. p( njrosnﬂ)e_c”(ﬁ)gtsm%

n=1

5. Ultimate bearing capacity (qp) can be expressed as
qu =cNe+qNy+0.5B N,
2,7 Y —7 tan .
, and N, = tan (Z + E)e . Please find N, given ¢ = 0.
(-AAe AL, "Afgsa 102 B+ KRIA)

N, -1
tan ¥

where N, =
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4. (20%) Use the Fourier series method to solve the problem :
U =4uz, 0<ax<2,t>0

w0,t)=u2,t)=0,t>0;u(x,0)=2{1—cos(drx)},0 <z <2.
(R A, *AA834 102 FEARMIA)

(B) = A w0, t) =u(2,t) =0, S

u(z, t) = i an(t) sin 2L
n=1 2
fR[El PDE H1H] %
21 ay, (t) sin ? =4 21 an(x)(_n;rz) sin ?

Al .

> {a () + (nm)%an(t)} sin 5= = 0

n=1
il

al () + (nm)%an(t) = 0
% an(t) _ Ane—(mr)Qt 7 E\[J

oo
u(x, t) =Y. Ape ()t gin ITT
n=1 2
it )
u(z, 0) =2{1 — cos(dmz)} = > A, sin?
n=1
[ ,
2 . nmw 256(—1 + cosnm)
Ay, = 5 /0 2{1 — cos(4mx)} sin 5 dx = 64 L O)n (n #8)
2
2
Ag == / 2{1 — cos(4mx)} sin s de =0
2/, 2
il
w(w t) - i 2p6(—1+cosnm) _my2 G T

(—64n + n?)7 ‘ 2

33
ol
0 =
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29. BIIR %At K LALEF APl NRAKEZDEARLSE)  102-191

5. (20%) Consider the function of complex variable

60,2

= O<axl1
)=y 0<a

(a) Locate the singularities and evaluate the residues of f(z).

(b) Evaluate the following integral using the Residue Theorem

o0 e
I:/ dr , 0<a<1

op

(=RAe AL, *AA34 102 BRI

(%) 1=
(a) e*r+1=0, "%

¢ =—1=e®mH (n=0, 41, £2, ..

Bl
z=02nr+7m)i (n=0,=+1,£2, .-+

5 f(z) B9—F& poles , A

e(2nm+)i (2nm-tm)i
N __ _a(2nm+m)i _ .
Resf((2nm + m)i) = @i e (n=0,+1,+2,--+)
Yy
A
21 03
Cy y T Cy
> T
-R C, R

) f(z):%,E&f(z)EC(C:01+02+03+C4;’ZD) B - =i i
—F& pole , H

az

. . e v ,
Resf(mi) = lim — = ela=Dmi — _gomi
z—mi 6%
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(#%) 1= ¥ ODE RlH L-T , 7%
2V (s) — sy(0) — y/ (0) - 4 (s) + 1 — ™™

Hr 2{y(t)} =Y(s) , BHEAR

1 1
Y(s) —TS

:s2+4_52—|—4e

1

y(t) = ¢ HY(s)} = %sin 2t — %sin 2(t —m) H(t — )

4. (20%) Let S be a piecewise smooth closed surface bounding a region V. Show
1 > 5> -
that volume of V' = g//(?-ﬁ)dS. Where 7 =xzi +yj +zk.
S
(DA, *A834 102 KT A)

(M) 1=

//S(F’-ﬁ’)dsz///v(v.?)dvz///vgdv
v [[f =5 [[i7mas

5. (20%) For a circular membrane subject to a pressure p(x, y) = z, the mathematic

1

model is
Viu=z,u=0frz>+y*=a
Find the solution u(z, ). (-, A4 102 KT AK)

(B o HESBEEER , 8 u(r, 0) =u(r, 0 +2r) , RIFEEREE

oo

{1, cosnb , sinn@}

It R A B BB R A,

n=1

u(r, 0) =ap(r) + il{an(r) cosnf + by, (r) sinnb}
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34. 102 LR Z¥T LAZFHFALFPR

1. (10%) Find all solution or indicate the no solution exists.
4y +2=0
122 — by — 3z =34
—6x +42 =28
(AR A, &34 102 1LIELE)
(B8) e JFA AT L
0 4 1 x 0
12 -5 3| |yl|=1_34
-6 0 4 z 8
A
—[j —
[0 4 1 0
A=1]12 -5 —3| ,B=|34
6 0 4 8 |
0 4 1]o] g 0 4 1]0 |
AB]=| 12 -5 3|34 |——> | 0 -5 5|50
-6 0 4|8 -6 0 4|8
1/5 (4)
RV [T o 4 1lo] g 0 0 540
0 -1 1(10 | ——— 0 -1 1|10
-6 0 48 -6 0 48

WA 2 =8.y=—2.2=4

2. (15%) Find the eigenvalues and the corresponding eigenvectors. Use the given A.

4 2 -2
A=|2 5 0|, =4
2 0 3

(AR A, "R&54 1021 LIELE)
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(B3) 1=
(9T—> or— oTr— 2vz - Uz - 1 -

vi= EX +8—y‘7 TR T (22 4 y2)2 te (a:2+y2)2‘7 xQ—i—ka

4
e leATE S S b S
P) 4T+ %

s e - L)

' NT(P)] V7

4. Solve the following ordinary differential equations (ODEs) :
(a) (10%) (1 -2z —a?)y" +2(1+ )y’ —2y =0

(b) (13%) 2zy" + (1 +2)y' +y =0

0 ,ift<1
=1
(¢) (12%)y" +3y +2y=< 1 ,ifl<t<2 withILC. y,”
. y(1)=-1
0 ,ift>2

(RRA, RA34 102 IFEE)

(9%) 1=
(a) BEI—FEE vy = (14 2) , i ODE BH—E5E

o 2(14x)
e (1-2z—= dzx

Yo = (1+x)/—dx

(1+ x)2

€1n|x2+2x—1|
e [

(1+xz)

_ (1+x)/—x(+fz)_lda:

= 1 1-—
+$/{ 1+

= (1+$){ZL’+ ?}

= 2(z+1)+2=2"+z+2
i ODE KBRS
y(x) =cr(z+ 1) + co(2® + 2 + 2)

(b) FREATSUE R
(2zy) =2y’ + (1 +2)y' +y =0
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Al
2y + (@ =1y’ +y=0 = (2zy") +{(z - 1)y}’ =0
W it o) v 5
22y + (x — )y =1
Rl
,  x—1 _a
v 2z v= 2z
BARTE m
-1 1 2

I = exp{/ x2x de} = exp{% - §1n|x]} = \6/5

Hi|
Iy = /26—; %dm—i—cz
# ODE RyEER
y(z) = %] \/EeTz.[xe\jE dr + cy/ze®
(c)Fa=t—1,t=1FKs=0,H
0 ,ifx<O
fO)=f(x)=<1 Jif0<zx<1l =H(zx)—H(z—1)
0 ,ifz>1

H ODE "J#UE i

d?y dy B B dy .

@‘1‘3%4‘2(@—]‘1(%) , y(0) =1, %(0)——1
8 p{f(@) = 2™~ L=t # ODE WHA L T, T8

2V () — sy(0) — 2 (0) + 3{sY(5) — y(0)} + 2V (s) = Le~05 — Lo
dx s s

Hi o{y(x)} = Y(s), BHETE

1 1
(s> +354+2)Y(s) =5+ 2+ - 2 — —¢%
s s
4
1 1 1
Y(s) = + e Vs — e’
(s) s+1  s(s+2)(s+1) s(s+2)(s+1)
B 1 1 1 1 _0s 1 1 1
T e Tl rons LUt oy tak pary

Je
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34. P R FHE LA AP SRAKEZLEXARLE 102223
Bl
y(z) = 2 HY(s)}
— ey {% ey %e_%}]-](x) _ {% _ el %G_Q(x_l)}]-](x )
2l
y(t) = e (= 1)+{%—e (t_1)+%e_2(t_1)}H(t—l)—{%—e_(t_z)+%e‘2(t_2)}H(t—2)

angular wave.

0
k
0

if
if
if

F(x)

5. Please answer the following questions :
(a) (5%) What is ”Fourier series” used for 7
(b) (5%) What is ”orthogonality” regarding the Fourier series 7

(c¢) (10%) Please find the Fourier series according to the following periodic rect-

—2<zr< -1
—-l<xr<l1 , k isaconstant

l<x<?2

(AR A, "R&54 102 1LIELE)

(#%) 1=
(a) Fourier BT AZRE R E—E

(b)
()

Fourier fREE & sine Ed cosine IEA K

K F(x) RIERR 4 BEHE, T

TR RSB

F(x )—ao—l—Zancosw
n=1 2
/\EF]
1 2 1!
ap== [ F(x)de== | kdr=—
2 0 2 0
2 [? nmx ! nmx 2k nm
anp == | F(x)cos —dx = k cos — dr = — sin —
2 /o 2 0 2 nm 2
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R 2 =cost . y=sint , BEEE

., dr . > -
:%:—smtz + 2cost g

TSR
L A7 - e
a:W:—costz—Qsmtj

speed 5

7] = \/(—Siﬂt)2 + (2cost)? = /1 + 3cos?t

&t =2n BITEEL (1, 0) ¥ | speed Bl K, H
@] = \/(—cost)? + (=2sint)2 = /1 + 3sin’¢
= g ENZERH (0, 2) B} | IIEERHEA , B

=

v —3sintcost - -
)‘% = M(—sinti +2costj)
v

a;r=(a-
= 1+ 3cos?t

<l

5. (15%) Find the Fourier series for a given function f(x) with intervals specified:
fle)=z, —m<zx<m, flx+2kr)=f(x), —oo <z <ooand k= *integer

(AR A, B34 102 LIEER)

(M) v A f(2) BFHE,
f(z) =" bysinnz

n=1

Hrp

™
2 . —2cosnm
by, = — T sinnrdr = ———

(0. 9]
6. (10%) Evaluate the improper integral /
0

3mi 5mi Tmi

with four simple poles at z1 = e4 , 20 = €4 |, z3=e4 , z4 =€+ ,on a full

circle. (B A, *AA834 102 HLEER)
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36. GItFH R FHEL S LALATAF ofide FLEAZ DK AIRAS)
AN ENFEER
2
Xo=ca| 3 (c2 #0)
-2
2 . )
A= -3 RE (A— XX =0 thr]E
[ 5 1 17
6 3 6| ra 0
1
1 - 0 =10
2 =
11 1 | L% 0
L 6 3 2
S H ER R R
1
Xz=c3|—2| (c3#0)
-1
(3) &
1 2 1
P = 6 3 =2
-13 -2 -1
Hl
[ sin"™(0r) 0 0 i
1
lim sin"(Ar) = lim P 0 sin” (=) 0 p!
n—00 n—00 2
2
0 0 ﬁn”@—gw)_
1 2 1 0 0 0 1 2 1
= 6 3 =2 0 1 0 6 3 =2
-13 -2 -1 0 0 0 -13 -2 -1
. 64 24 16
Y| 96 36 24
—64 —-24 —-16

102-235

-1
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44. BHFR BT LA AP NRAKEZDEARLNE) 102-285

(2) f(z) 7E [0, 1] B Fourier sine f# &

0
Z by, sin(nmx)

/\EP 1
2 —2 cos
by = —/ x sin(nrz) de = LS nm
L J, nm
1
X —2cosnw
f(z) = 7;1 — sin(nmx)
f(z) 7E [0, 1] B Fourier cosine # &
o0
f(z) =ao+ > ancos(nrx)
n=1
1
ap = / rdr = =
0 2
1
2 2(—1+ cosnm)
an =7 /0 x cos(nmx) dr = 52
1
1 x 2(—1
f(z) = 5+ gl T;;C;S ) cos(nmzx)

FCS Mg, B f(x) 7E [0, 1] BRY Fourier cosine R EF |, BEERE . FSS K
FS FERMEET | f(x) B EEE

6. (20%) Solve the following Laplace equation with Boundary Conditions.

82u d%u

PDE: ugz +uyy = 0 or — 92 8 5

=0,0<zx<L,0<y</?

0
BCs: u(0, y) =0, ug(L,y)=0or a_Z(L’ y) =0,

wx,0)=0,u(z,l)=1 (R, R34 1021FHEREE)

(@) o= K u(0, y) = ua(L,y) =0, 8

& . (2n=1L7g=x
= n;1 an(y) sin 5T
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e (2n—1)%72 . (2n—Drx . (2n=1nx
7;1 an(y){— e }sin 57 + 77;1 al (y) sin 5] =0

B o -

x* 2n— D7 . (2n =17z
e o

n— 17w
an(y) = {5 1 Fan(y) =0
g1
. on— 1w on — 7

an(y) = Ay sinh ( 5L 4 + B,, cosh ( Y7 y
PDE W2 %5

S . on — Dr on—Dry. . 2pn=17rx

u(x,y)zgl{/lnsmh( 2L) y—i—Bncosh( Y7 y}sm( 57
A i 2 1
u(x,0)=0= > anin( ==
n=1 2L
% B, =0, HH
S 2n — 1 2n — 1

u(z, l)=1= n;lAnsinh ( n2L 7rgsin (2n 5T Mz
3& L

. 2n—=1)n0 2 . (2n=1)rz 4

SR 57 Lf, ™ T2c | ™" @n-Dnr

i An By fRE (1) R, BIRATK .
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(3) B -
y(x) = yp(z) + yp(z) = c1e™ + ™ — . — 2
FH
y(0)=1=c1+ca—2

1
y/(O):O:—Cl+§CQ—1

3. (10%) Use the Laplace Transform to solve the given initial-value problem.
y'+y=sint, y(0) =1,4(0) = -1

(AR AL, *AA834 102VF T ERER)

(#%) 1= % ODE Wilmi L-T , AJ#%

1

V() = s9(0) —/(0) + Y (5) =

Hr 2{y(t)} =Y (s), BEAG

1
2
Y (s) =|s — 1
(s“+1)Y(s) =|s +32+1
BN
s—1 1
Y(s) - 82 +1 + (32 + 1)2
1 1 L / 4
2 } = —sinat, MimE o 5, AIE
52 + a? a
—2a 1 t
-1 B ) ‘
Z {m} =-3 sin at + acosat
e
_1{ ! } = L sinat — — cos at
Z (s2+a2)2" 243 2
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5. (10%) KEIBHAKEEEGAZKET] F, KA 2001, RE1, Buk BoZE
Mz LW Fs, BERAKERAIIAEIAKT 45° BKIJ5MA 2
(RAR A, "RAR34 102V FEERIL)

(®%) v BRI,
Fy =200 cos45° 7 +200sin45° 7 = 100v/2 7 + 100v2 7

Al

/N

Fy=TFs—F1=100V27 +100v/2 7 — 2007 = (100v/2 — 200) 7 + 100v/2

6. (10%) #aEEEABEHE | KHFEBAR AR ERER P RE AERD | Hf
D=PlAP,

1 0
A=10 1
70

— O

(*RAB A, *AA234 102G PEERTE)

(BR) 1o 1 det(A—N) = 0 F] I ARIREIER A =1.8| -6, B A = 1 E (A-A)X =0

SEIfE
Tl 0
T3 0

0 0 7
0 0 0
7 0 0
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45. BERF R ILALHF TP NRAKEZEDEARLE)  102-291

AEHENSEAER

0
X=c |1
0

B A=8MR[El (A- )X =0 HA]E

-7 0 7 T
0 -7 0 ) =
7 0 =7 T3

A
e
S
V2 V2
P—[Xl X2 X0 1y g
X [Xa] X5
, L 1
L V2 V2
W

Pl'AP=D= {

o O =
S oo O
|
o o O
| I —

7. (10%) Find the curl and divergence of the given vector field. KHi#5 € A EHHY
Tie EEAIBUE
F(z,y,2) = (x— y)37+6_yz?+xy62yk:

(BB A, *AA34 10215 PEERTE)
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(3) THIRHVRFRUES IR BN BURE N w =

8. FAKREE T HIRYZFUERE (18%)

’u  Ou
W:§’0<x<1’ t>0
BFREME  w(0,t) =sint , u(l,4t)=0,t>0
WA - w(z, 0)=0,0<z < 1. (R, 34101 B RERE)

(B%) v 4 u(x, t) = ¢(x, t) — xsint + sint, fR[E ODE H17]#5
¢ 99

WZE—ICOSt-FCObt
uw(0,t) =¢(0,t)+sint =sint = ¢(0,t) =0
u(l,t)=¢(l,t) —sint+sint =0 = ¢(1,t)=0
u(z, 0)=¢(x,0)=0

K (0, t) =¢(1, t) =0, BUFHEHE

. o0
{ Sin NWZE}
n=1

1
oz, t) = > an(t)sinnme
n=1
E‘ o0
=Y gnsinnmz
Hrp

1
2
In = 2/ (—z + 1)sinnraxde = —
0 nw
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oo o0

oo
S an(t)(—n?*n?) sinnrr = Y al,(t) sinnwr + cost Z — sinnmx
n=1 n=1 =1 "7
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6. X—EHHEZMTEE, HIEMNER
St)y=E -7 +22+1)] +3tk

Ht >0 2, KWEEFE ¢ = 1 YR ARZIEER & MBERARZ
IEEAE . (10%) (RAA, A4 101 BRIRERE)

(B3) & BENEER -
V:%=(3t2—1)7+(4t+1)7+3ﬁ
I .
WV
%:6152 +4y

I B BT ¢ = 1 RRA IR B

dv S S
a 7 ‘t:1 1 +4)
BB =1 BRI BRI ER
T—z‘ 27 457 +3k
V| li=1 V/38

HUEBETE t = 1 WUTRINEE S
Tr=(a-TT = %(27+57+3?)
B EETE t = 1 BRI E S

— —
a a

o}

N=1 - T=i§(827—4j — 48%)
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9. FER%E LHEZFF LT ARAKIEZDEABRLAS) 101-67

2. (10%) Consider a homogenous linear 2°¢ order ordinary differential equation (ODE)

Y +plx)y + q(4)y =50

if 1 is one solution of this ODE, you world find a second independent solution y»

by reduction of order method, that is, yo = uy;. Prove
1
u(zr) = /U(x) dr , and U(x) = _Qe—fp(m)dm

(R A, *AA34 101 FARTRN

(B) & 7 y(2) = yi(2)v(z) , &

y'(x) = yi (x)v(z) 4 2y1 ()" (x) + y1(z)v" (2)
ERRA ODE R

yi(@)o(x) + 2y1(2)v' () + y1(2)0" (@) + ple){y1 (@)v(@) + yr(z)v' ()}
+q(z)yi(x)v(z) =0

LSERIRSS
y1(@)v" () +{p(2)y1 (z) +2y1 (2) }o'(2) + {1 () + p(2)y1 () + q(2)y1 () }o(z) = 0 (1)
yi(z) B ODE H—f#, #&
Y1 () + p(2)y1(z) + q(z)yi(z) = 0
RE (1) X, AIF

y1(2)0” (2) + {p(x)y1 (x) + 24 () }0'(x) = 0

ied

SRR

R

W'(z)  play(e) + 24} ()

o) n@ “
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(BB & 4 F(2) = T12 i F(2) TELARTEA = — i B—F pole, A
1 1
ResF (i) = oo T

1

o
/ 5 dv =2miResF (i) =7
ot

7. RER L G EE, RZIIRGHIES HFER (governing equation) £

%0 ,0%0
g7 _ 287
ot? Ox?

HAIRIRAR (2, 0) = ka [ %(m, 0) =0, HHEE—IKEE, H—imEH .

(a) (5%) H EE B R TR R S g—z@, 1) — 0, SHE I e R

AR o
(b) (20%) FHEH 0(x, ) (RARA, "RAB34 101 T AHEH )
(9%) 1=
(a) 6(0, 1) =0,
(b) ®0(0, t) = %(L, t) =0, BB

T §y 00

o (2n—1
s B0 DTy

4
O(x, t) = 5;1 an () sin W
e ODE Hra] %5
2 o (1) sin 22 ;Ll)m 2 2 an ({20 ;le)%? 1 in (21 ;an
sEIIES
i (a1 ((2n ;Ll)m)%n(m iy (20 ;Ll)ﬂx 0
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A =5fRE (A- X)X =0, FHE

BRI ER 1
et
4_.3\
P=[X1 Xy|= l—ll ]
i
Aup_ _[1 0]
PAP =D =
0 5
Rl

4. Solve the following differential equation by power series. (20%)

dly — d%y

g TS og =10
Note - sinz — w3 a5 4T
06‘81n$_$_§+§_ﬁ+"'

(-RBA, R84 101 X RLAH)

(8) K = =0 £ ODE HHEE, s

Yy (z) = —(cos 2)y"(x) — (sinz)y"(z) = y(0) = —y"(0) = —ec3

y O (2) = (sinaz)y”(z) — 2(cos )y (z) — (sinz)y®(z) = y©(0) = 2" (z) = —2¢4
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